The chemical reaction H + 3 + H 2 → H 2 + H + 3 is the simplest bimolecular reaction involving a polyatomic, yet is complex enough that exact quantum mechanical calculations to adequately model its dynamics are still unfeasible. In particular, the branching fractions for the "identity," "proton hop," and "hydrogen exchange" reaction pathways are unknown, and to date, experimental measurements of this process have been limited. In this work, the nuclear-spin-dependent steady-state kinetics of the H + 3 + H 2 reaction is examined in detail, and employed to generate models of the ortho:para ratio of H + 3 formed in plasmas of varying ortho:para H 2 ratios. One model is based entirely on nuclear spin statistics, and is appropriate for temperatures high enough to populate a large number of H + 3 rotational states. Efforts are made to include the influence of three-body collisions in this model by deriving nuclear spin product branching fractions for the H + 5 + H 2 reaction. Another model, based on rate coefficients calculated using a microcanonical statistical approach, is appropriate for lower-temperature plasmas in which energetic considerations begin to compete with the nuclear spin branching fractions. These models serve as a theoretical framework for interpreting the results of laboratory studies on the reaction of H + 3 with H 2 .
I. INTRODUCTION
Symmetry and its associated selection rules have long been an integral component of spectroscopy.
1, 2 For highresolution spectroscopy, the complete nuclear permutationinversion (CNPI) group representation [3] [4] [5] has been useful for assigning symmetry labels to rotational energy levels and calculating nuclear spin statistical weights (NSSWs), in particular for nonrigid molecules. The CNPI representation is based on the fact that the molecular Hamiltonian is invariant under permutations of identical nuclei and spatial inversion of all particles through the molecular center-of-mass, in contrast to point group theory, which depends on the geometrical symmetry of a set of nuclei.
The formulation of the CNPI groups allows for an easy determination of the consequences of Bose-Einstein (for integer-spin nuclei) or Fermi-Dirac (for half-integer-spin nuclei) statistics. According to Dirac's formulation 6 of the Pauli exclusion principle, 7 a molecular wavefunction must be symmetric with respect to permutation of identical bosons, and antisymmetric with respect to permutation of identical fermions. When applied to H 2 and H + 3 , the consequence is that the nuclear spin configuration of each molecule is linked to its rotational manifold. For H 2 , the ortho configuration (o-H 2 , I = 1) exists only in rotational levels in which J is odd, and the para configuration (p-H 2 , I = 0) exists only in the even-J levels. The symmetry of H but it can be shown that in the vibrational ground state, the nuclear spin configurations are linked to the projection quantum number k: o-H + 3 (I = 3/2) → k = 3n, p-H + 3 (I = 1/2) → k = 3n ± 1, where n is an integer. 8 Because the nuclear magnetic interaction is rather weak, the nuclear spin configurations of H 2 and H + 3 behave as independent chemical species, meaning that I is a good quantum number in these systems. Interconversion between nuclear spin configurations in each of these molecules can only be accomplished by means of interaction with a strong, local, inhomogeneous magnetic field (such as the surface of a ferromagnetic catalyst), or by means of reactive collisions that result in scrambling of nuclei. The thermoneutral reaction H + 3 + H 2 → H 2 + H + 3 is a prime example of this type of reaction. However, because I is a good quantum number in each molecule, this reaction is subject to selection rules 9, 10 based on the conservation of the total nuclear spin of the system.
Beyond the fundamental interest of studying selection rules in chemical reactions, the reaction between H + 3 and H 2 has practical application as well. Hydrogen is by far the most abundant element in the universe, and consequently H 2 and H + 3 serve as useful probes of astrophysical or extraterrestrial conditions. In particular, H + 3 has been used to image auroral activity in the atmospheres of Jupiter, 11 Saturn, 12 and Uranus , 13 to probe gas density and temperature in the galactic center, 14 and to estimate the interstellar cosmic-ray ionization rate. 15, 16 In molecular clouds, only the lowest states of o-H H + 3 can be changed, and the selection rules for this reaction have important implications for the use of H + 3 as a temperature probe. 19 To understand the H + 3 + H 2 reaction, especially its role in the interstellar medium, laboratory measurements of its nuclear spin dependence are needed. Initial measurements of this reaction have been performed in a ∼400 K hydrogenic plasma, but the associated analysis was rather complex, and not readily applicable to experiments at lower temperatures. 20 Furthermore, in a laboratory plasma, the gas density may be sufficiently high to allow for three-body reactions to occur. If these exhibit nuclear spin dependence, then they will interfere with the measurement of the two-body process. These effects were not taken into account in the previous work.
In this paper, we present chemical models aimed at assessing the nuclear spin dependence of the H + 3 + H 2 reaction. The paper is structured as follows. In Sec. II, we examine in more detail the nuclear spin selection rules as they apply to reactions in laboratory plasmas. In Sec. III, we derive models for nuclear spin dependence in a laboratory plasma at high temperature, and then we derive a model for a low-temperature plasma in Sec. IV. We summarize the work in Sec. V. The models in this paper can be applied directly to experimental measurements, and are intended to serve as a framework for the interpretation of such measurements (see the following article in this issue 21 ).
II. NUCLEAR SPIN SELECTION RULES
The nuclear spin selection rules 9, 10 result in NSSWs for various nuclear spin reactant and product channels. If the energy available in a chemical reaction is sufficiently high, then these NSSWs describe the outcomes of the reaction in a statistical manner. We call this situation the "high temperature limit." The NSSWs have been derived for the H + 3 + H 2 system by Oka 10 in terms of the rotation group representations of the nuclear spin angular momentum. For three-body collisions proceeding through a (H + 7 )
* complex, the NSSWs for the seven-particle H + 5 + H 2 system must be used. In this section, we review the NSSWs for the H 
(2 × 3/2 + 1 = 4), and 2D 1/2 → p-H + 3 (2[2 × 1/2 + 1] = 4). Using the procedure described by Oka, 10 the NSSWs for the possible reactions between the nuclear spin configurations of H + 3 and H 2 can be calculated, and these are shown for convenience in Table I .
In the H + 3 + H 2 reaction, proton scrambling may be incomplete, as has been experimentally demonstrated for this system 20 and for the D define the three statistical reaction pathways as follows:
These are the identity (1), proton hop (2), and hydrogen exchange (3) pathways, with branching fractions S id , S hop , and S exch (1/10, 3/10, and 6/10 in the statistical limit, respectively). NSSWs can be calculated for each of these individually, and the results organized in matrix form. The ordering of rows and columns in these matrices correspond to the ordering in Table I . The identity matrix is given by the statistical weight of each channel multiplied by S id ; the hop matrix is calculated by representing a proton hop as the sequence H + 3 → H 2 + H + , followed by H + +H 2 → HH + 2 and applying Oka's method. Finally, the exchange matrix is obtained by subtracting the identity and hop matrices from the total matrix shown in Table I . These matrices are shown in Eqs. o-H
It is often the case that H 2 is more abundant than H + 3 by several orders of magnitude, such as in a laboratory plasma, and therefore the nuclear spin configuration of the product H 2 might not be important, especially if the plasma is pulsed. 
The reaction is then broken down into individual reactants. For this reaction, the forward and reverse reactions are identical, but to remain consistent with Oka's notation, the reverse reactions are
This leads to the normalized outcomes for the intermediates:
From here, the calculation of the total NSSW matrix is possible, and an example will be given for completeness. To calculate a NSSW, the total weights of possible reaction pathways for a given reactant-product pair must be added. 
has the same weight, as the reaction is symmetric. The NSSWs for all reactant and product pairs are listed in Table III .
To calculate mechanism-specific NSSWs, the next step is to define the statistical mechanisms for the system: 
Reaction (7) is the "identity" mechanism with statistical weight 1, (8) is the "H + 3 hop" mechanism with statistical weight 10, and (9) is the "hydrogen exchange" mechanism with statistical weight 10. However, both the H + 3 hop and hydrogen exchange pathways are complex, and application of Oka's method for calculating mechanism-specific NSSWs is nontrivial.
An alternative formulation for calculating the NSSWs of the H + 3 + H 2 system has been demonstrated by Park and Light, 23 and this approach can be more readily applied to the H + 5 + H 2 system. Using the statistical mechanisms (7), (8), and (9), the mechanism-specific NSSW (B M pr ) for reactant pair r and product pair p through mechanism M can be calculated by
where g pI is the statistical weight of the D I representation leading to p, S M is the statistical weight of the reaction pathway, and P M pIr is the cumulative spin modification probability for reactant r to product p through an intermediate with angular momentum I . The values of g pI can be found in Table IV. In the statistical limit, S id is 1/21, and S hop and S exch are 10/21.
Calculation of P M pIr requires construction of basis states for calculating transition matrix elements. The easiest basis set for defining the scrambling operators is that of proton nuclear spin angular momentum projections. This basis set is 
defined by the projection quantum number of the nuclear spin angular momentum of each proton in the ( Table V ). The elements of these substates can be compared to the elements of the basis states of Park and Light for the H 
Having defined the orthonormal total nuclear spin angular momentum basis states and the linear combinations of proton basis states that compose them, the mechanism-specific cumulative nuclear spin modification probability P 
Using the P M pIr values in Table VI with Eq. (10) allows calculation of the mechanism-specific NSSWs. Equations (13)- (15) show the branching fraction matrices as a function of S M , and also show the matrices in the statistical limit (S id = 1/21, S hop = 10/21, and S exch = 10/21). These matrices are ordered the same as Table III 
Adding the statistical matrices for the identity, H 
These are identical to the total NSSWs calculated using Oka's method (Table III) , which suggests that the calculation has been done properly. As with the H + 3 + H 2 reaction, in a pulsed laboratory plasma the spin configuration of the product H 2 is not important, and the mechanism-specific branching fractions can be further reduced in terms of the branching fractions for the D 5/2 , D 3/2 , and D 1/2 spin configurations of H + 5 . These results are in Table VII .
III. HIGH TEMPERATURE MODEL
At sufficiently high temperature, the NSSWs calculated in Sec. II can be exploited to determine the outcome of a large number of H However, a more subtle effect is the H atom recombination to form H 2 . The ortho:para ratio of H 2 in the plasma is equally as important as that of H + 3 . For instance, in a plasma of pure p-H 2 at room temperature, the H atom recombination on the walls of the containment vessel will produce normal-H 2 (n-H 2 : 25% p-H 2 , 75% o-H 2 ). Over time, this will cause a reduction in the p-H 2 fraction. This effect is in addition to the change in p-H 2 fraction caused by the H + 3 + H 2 reaction itself. An additional constraint, therefore, is that the plasma should be pulsed, and measurements taken as soon as possible after steady state is reached to avoid changes in the p-H 2 fraction. These conditions could be met in a pulsed hollow cathode discharge, or alternatively by storing H + 3 in a radiofrequency ion trap with H 2 as a buffer gas.
Provided sufficient H + 3 -H 2 collisions occur, the ortho:para H + 3 ratio can be modeled using the nuclear spin branching fractions from densities):
where k H and k E are the rates of the proton hop and hydrogen exchange reactions. 
This can be solved for p 3 and simplified:
The quantity k E /3 can be factored from both the numerator and denominator. Defining α ≡ k H /k E = S hop /S exch gives the final result:
Equation (17) is a remarkably simple expression that allows for an experimental determination of the hop-toexchange ratio α by measuring p 3 in a plasma of known p 2 . As seen in Fig. 1 , this model suggests that the relationship between p 3 and p 2 is linear, and that the slope should be related to α. It also suggests that no matter the value of α, a n-H 2 plasma ( p 2 = 0.25) should produce n-H
. The most sensitive probe of α would be an experiment performed with pure p-H 2 . This has been done by Cordonnier et al. 20 , who found that in a ∼400 K p-H 2 pulsed hollow cathode plasma, p 3 was 0.89 or 0.91, depending on which spectroscopic transitions were observed. Using Eq. (17), these give α = 2.4 or 3.0, respectively, which are the same values they derived using a complex kinetic model including H + 3 formation, dissociative recombination, and ambipolar diffusion. This gives some validation to the assumptions that went into the derivation of our simplified model. This model is valid only if p 2 is constant, which is the case if H 2 has an independent means of thermalizing its spin temperature at a constant value, or at early stages of a cw discharge before H atom recombination and proton scrambling can lead to significant changes in p 2 . In a cw p-H 2 plasma at room temperature, this model can still be applied, but p 2 will have to be replaced by a function p 2 (t) to include the longterm time dependence of p 2 . There may be cases in which the H + 3 + H 2 reaction is the only means by which the spin of H 2 can be converted; in these cases it is possible to set up a pair of coupled differential equations that will give the steady state values of p 3 and p 2 , but such a model is beyond the scope of this paper.
B. Three-body high temperature model
The model derived in the previous section ignores the possibility of any three-body processes occurring in the plasma. This assumption is valid so long as the pressure is sufficiently low, or if three-body reactions do not exhibit any appreciable nuclear spin dependence on H * lifetime is independent of its spin configuration.
We instead treat the second of those processes: proton scrambling through (H + 7 )
* . A full treatment of this process is difficult, but we make the assumption that a given (H + 5 ) * collision complex will undergo at most one reactive collision with H 2 during its lifetime, and this allows us to use the nuclear spin branching fractions in a similar manner as in the two-body case. The relevant reactions and their rates are listed in Table VIII .
In order to use the nuclear spin branching fractions, the fraction of the (H +
)
* complexes that undergo an additional collision with H 2 must be taken into account. First, it is important to note that any "identity" reaction is indistinguishable from a nonreactive collision. Because the two-body and threebody reaction channels may have different identity branching fractions (and different overall rates), we redefine all rates in terms of the rates of reactive collisions: those that result in a hop or exchange process. We will employ subscripts 2 and 3 to refer to two-body (H 
The coefficients k R are the reactive rate coefficients; those with the identity reactions removed. We then define branching fractions M n to refer to the branching fractions of only the reactive collisions. The ratio
, so the change in how the overall rate coefficients is defined does not affect the ratio of the hop and exchange rates.
The utility of these redefinitions is that the branching fraction between two-body and three-body processes can now be expressed in terms of a single parameter. Once (H +
* is formed, the fractions 2 and 3 for the two channels are
, and consequently 2 + 3 = 1.
As expected, these show that with increasing [H 2 ], three-body processes become important, and that the density at which this happens depends on the lifetime of (H 
For the destruction of (H +

)
* , the statistical weights are
Keeping in mind that the spin configuration of the product H 2 is unimportant for a pulsed laboratory plasma, the branching fractions for the H Table XI. TABLE IX 
The results of the model are plotted in Fig. 2 . As evident in Eq. (19), when 2 = 1, the three-body terms drop out of the equation and the two-body high temperature model [Eq. (17)] is obtained. This can be seen visually in panels a, b, and c of the figure as the red lines depicting 2 = 1 overlap with the corresponding α 2 value in the two-body model. When 2 = 0, the three-body process exclusively determines p 3 , and this is shown in panel d for various values of α 3 . When α 3 = ∞, the results are identical to the two-body model with α 2 = 0.5, and as α 3 decreases, the slope becomes more shallow. Panels a and b show the effects of an increasing effect of three-body reactions where α 2 = 2.0, which is close to the value reported by Cordonnier and coworkers. 20 Three-body collisions effectively decrease the slope of the p 3 vs p 2 plot compared to the two-body model with the same α 2 . If proton scrambling through the (H * complex is influencing experi- mental measurements, a fit of the data to the two-body model would provide a lower limit on the value of α 2 . Measurement at multiple pressures, however, would eliminate this ambiguity, because if three-body collisions are important, the slope should decrease with increasing pressure (and therefore decreasing 2 ). Finally, Fig. 2(c) shows the effect of decreasing 2 if both hop/exchange ratios are at their statistical values (α 2 = 0.5 and α 3 = 1.0). It is important to keep in mind that this model is constrained to allow only one three-body scrambling reaction to occur. Therefore, as 2 decreases, the realism of this model might also decrease, as it could be possible for (H 
IV. LOW TEMPERATURE MODEL
At lower temperatures, the assumption that many states are energetically accessible and populated breaks down, and the NSSWs cannot be used to determine the outcomes of many H + 3 + H 2 reactions. 30 It is possible to account for the interplay of nuclear spin selection rules and energetic restrictions by employing a microcanonical statistical approach. Park and Light 23 have developed a microcanonical statistical model for the H + 3 + H 2 system that conserves energy, angular momentum (both motional and nuclear spin), and parity, and also allows for incomplete proton scrambling. The output of their model gives rate coefficients k i jkl , where the subscripts denote the nuclear spin configurations of the reactants and products: i-H
The rate coefficients depend on the reactants' total energy (based on their kinetic temperature T kin and rotational temperature T rot ), as well as the branching fractions S id , S hop , and S exch . Because the rate coefficients themselves are not broken into identity, hop, and exchange components, another model must be derived. The derivation has been presented in detail elsewhere, 19 but will be summarized here. As with the high temperature models, we assume that the nuclear spin configuration is determined entirely by the H + 3 + H 2 reaction, and ignore formation and destruction of H + 3 . We also ignore three-body processes, and invoke the steady state approximation:
. From the nuclear spin selection rules, k oppp and k ppop are rigorously 0 (see Table I Equation (20) is the low temperature model, and it converges to Eq. (17) in the limit that (k oopp + k oopo ) = (k
, and so on. This model can be more directly used with the low-temperature (10-160 K) rate coefficients k i jkl calculated by the microcanonical statistical model of Park and Light. 23 This model has been previously applied to the conditions of diffuse molecular clouds in the interstellar medium, and it should be noted that although Eq. (20) is the same as that in Ref. 19 , the conditions of a pulsed laboratory plasma are quite different than those in the diffuse molecular clouds. In the latter, the density is so low that the collision timescale (months) is longer than the spontaneous emission timescale (days) for most H + 3 rotational levels. As a result, essentially all of the H + 3 population lies in the lowest ortho and para rotational levels, and consequently the authors calculated rate coefficients at a "nonthermal" rotational temperature of 10 K, and kinetic temperatures from 10 to 160 K. In the laboratory, the collision rate is many orders of magnitude faster than the spontaneous emission rate, and "thermal" rotational temperatures are appropriate.
Results from the low temperature model are plotted in Fig. 3 . In general, the model shows that the p 3 vs p 2 traces are curved upwards; the curvature is greater at lower temperatures. As the temperature increases (panels a, b, c, and d; the blue shaded region), the results approach the high temperature model line for the same α. In panels a and b, α = 0.5 and S id = 0.1 and 0.9, respectively, and as T approaches 160 K, the curves approach the high temperature model α = 0.5 line, especially at higher S id , though it is interesting to note that p 3 is still expected to be less than 0.5 in a n-H 2 plasma. Panels c and d show the same effect for α = 2.0. The implications of a nonthermal plasma (T kin = T rot ) are shown in panels c and f (the red shaded region; the effect is a subtle change in the curvature, particularly towards larger p 2 .
The p 3 vs p 2 traces from the low temperature model are strongly dependent on α, as shown in panels g-l (the green shaded region). Depending on the temperature, the curves could be very close to those of the high temperature model (panels g and h), or dramatically different (panels k and l). Of particular interest are the results at the lowest temperatures. Generally, the differences in the curves due to a large change in S id are subtle. But as seen in the panels k and l, if α is known, then according to this model S id can be determined by the exact value of p 3 across the range of p 2 where the curve is nearly flat.
The low temperature model is only as good as the rate coefficients that are used with it. The rate coefficients used in this work are calculated using the microcanonical statistical model of Park and Light, 23 which is not a quantum mechanical model. If quantum effects become important at low temperatures, then the rate coefficients calculated using a statistical model may not be accurate. However, microcanonical statistical calculations of rate coefficients in other isotopic analogs of the H + 3 + H 2 system have been found to agree well with ion trap measurements at 10-20 K, 31 which provides some support for the use of these rate coefficients in the purely hydrogenic system at similar temperatures. Reactive scattering calculations on the H + 5 potential energy surface 32 are desirable, but still unfeasible. At more moderate temperatures, it would be unlikely for quantum effects to be important, and it is therefore likely that this model should perform well.
Extension of this model to include three-body scrambling is not straightforward. An analogous microcanonical statistical study of the H + 5 + H 2 reaction would have to be carried out, and the complex formation rates compared with the complex lifetimes to determine the two-body:three-body ratio. Also, the nuclear spin dependence of ternary association reactions would also likely have to be taken into account, as these reactions are much faster at low temperatures. Such work is beyond the scope of this paper, and so the low temperature model that we have derived should only be employed at densities low enough to preclude three-body reactions.
V. CONCLUSIONS
In this paper, we have derived a series of models aimed at extracting the nuclear spin dependence of the H + 3 + H 2 reaction from laboratory data. The appropriate experiment is to measure the p-H + 3 fraction ( p 3 ) formed in laboratory plasmas of varying p-H 2 fraction ( p 2 ) at steady state. An important condition for using these models is that p 3 must be determined exclusively by the H + 3 + H 2 reaction, not by other nuclear spin dependent processes like electron dissociative recombination of H + 3 . Another important condition is that the p-H 2 fraction is constant, or at the very least, slowly changing, as is the case in the early stages of a pulsed plasma or in a plasma in which the H 2 has an external means of thermalizing its spin.
The nuclear spin dependence of the H + 3 + H 2 reaction is influenced heavily by nuclear spin selection rules that arise as a consequence of exchange symmetry, and can be expressed in terms of the hop-to-exchange ratio α. At sufficiently high temperatures, the nuclear spin selection rules are expected to entirely determine the reaction outcome, and a steady state chemical model incorporating the resultant mechanismspecific product spin branching fractions [Eq. (17) ] indicates that α can be determined from the slope of a plot of p 3 vs p 2 .
However, in a laboratory plasma, there exists the possibility that the H 2 number density is sufficiently high to allow for three-body collisions to occur, resulting in processes such as ternary association to form H * collision complex. In Sec. II B we derived mechanism-specific product spin branching fractions for the H + 5 + H 2 reaction in an analogous manner to the H + 3 + H 2 reaction, using the "H + 3 hop" and "hydrogen exchange" mechanisms. These branching fractions are incorporated into a steady state kinetic model with the two-body branching fractions [Eq. (19) ], where the p 3 vs p 2 plot then depends on the hop-to-exchange ratios for the two-body (α 2 ) and three-body (α 3 ) processes, and the relative rates of two-body reactive collisions to three-body reactive collisions. The model makes the assumption that ternary association reactions do not have significant nuclear spin dependence, and that a given (H +
)
* complex suffers at most one reactive collision with H 2 during its lifetime.
